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Abstract 
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Introduction 

The notion of a partial groupoid action is introduced in this paper as a 
generahzation of a partial group action [151 112] as well as of a partial ordered 
groupoid action [7] . The notion of a partial group action was introduced by 
Exel in [15] and it was motivated by questions originated in the context of 
group actions on C*-algebras (see, for instance, [3], [H] and [IE]). A purely 
algebraic study of partial group actions was done in [12] and a corresponding 
Galois theory was developed in ^3], stimulating further investigations by 
several others authors, see [11] for a more extensive bibliography. 

Partial group actions can be easily obtained as restrictions of global ones, 
and this fact led to the important question on knowing under what conditions 
a given partial action is of this type. This question was first considered by 
Abadie P in the context of continuous partial group actions on topological 



1 



spaces and C*-algebras. The algebraic version of globalization (or enveloping 
action) of a partial group action was given by Dokuchaev and Exel in [12]. A 
nice approach on the relevance of the relationship between partial and global 
group actions, in several branches of mathematics, can be seen in [TT] . 

Groups are particular examples of groupoids (or ordered groupoids) and 
any partial group action has, as in the global natural groupoid asso- 

ciated (see [2], [H] and [B]). Thus, it is natural to consider the study and 
the development of an algebraic theory on partial groupoid actions. 

Partial ordered groupoid actions were introduced by Gilbert in [T7] as 
ordered premorphisms and a study of them from an algebraic point of view 
was presented in [7]. 

We start this paper by introducing the formal definition of a partial action 
a of a groupoid G on a ring R (section 1) and the formal definition of a 
globalization of a as a global action /3 of G on a suitable ring T, satisfying 
some appropriate conditions (section 2). We also give necessary and sufficient 
conditions for the existence of such a globalization (section 2), generalizing 
the corresponding result of [12], as well as we prove that the partial skew 
groupoid ring R-kaG (whose notion was introduced in [7]) and the (global) 
skew groupoid ring T -kp G are Morita equivalent, whenever the existence 
of (T, /3) is ensured (section 3). This previous result and its proof are the 
versions for partial groupoid actions of the corresponding adaptations to a 
purely algebraic setting made in [121 Theorem 5.2] of [TJ Theorem 3.3]. 

For the rest of the paper is assumed that a is globalizable, with global- 
ization (T, /3). In the section 4 we introduce the notion of the subring i?" 
of the elements of R that are invariant under the partial action a, we prove 
that the rings i?" and are isomorphic, and we construct a Morita context 
relating the rings R" and R -ka G. In the section 5 we present the notion 
of an a-partial Galois extension of i?, associating to it the Morita context 
constructed in the section 4. 

An action of a groupoid G on a -f^-algebra R {K being a subring of the 
center of R) naturally induces an structure of a i^'G-module algebra on R, in 
the sense of [9J. In the section 6 we briefly discuss the relationship between 
these two notions. 

Throughout this paper by ring we mean a non-necessarily commutative 
and non-necessarily unital ring. 
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1. Partial actions of groupoids 

In this section we will introduce the notion of a partial groupoid action, 
which is slightly more general than the notion of a partial ordered groupoid 
action given in [7]. We start recalling some notions and notations related to 
groupoids. 

Groupoids are usually presented as small categories in which every mor- 
phism is invertible. But they can also be regarded, as algebraic structures, as 
a natural generalization of groups. We will adopt here the algebraic version 
of a groupoid given in [18j. A groupoid is a non-empty set G equipped with 
a partially defined binary operation, that we will denote by concatenation, 
for which the usual axioms of a group hold whenever they make sense, that 
is: 

(i) For every g,h,l G G, g{hl) exists if and only if {gh)l exists and in this 
case they are equal. 

(ii) For every g,h,l & G, g{hl) exists if and only if gh and hi exist. 

(iii) For each g E G there exist (unique) elements d{g),r{g) G G such 
that gd{g) and r{g)g exist and gd{g) = g = r{g)g. 

(iv) For each g E G there exists an element g^^ G G such that d{g) = g~^g 
and r{g) = gg-\ 

It follows from this definition that the element g^^ is unique with the 
properties described in (iv) as well as that {g~^)^^ = g, for every g E G. 
Furthermore, for every g,h E G, the element gh exists if and only if d{g) = 
r{h) if and only if h~^g~^ exists and, in this case, we have (gh)^^ = h^^g^^, 
d{gh) = d{h) and r{gh) = r{g). We will denote by G^ the subset of the pairs 
{g,h) e G X G such that d{g) = r(h). 

An element e G G is called an identity of G if e = d{g) = r{g~^), for some 
g E G. In this case e is called the domain identity of g and the range identity 
of g^^. We will denote by Go the set of all identities of G. For any e G Go 
we have d{e) = r(e) = e, = e and we will denote by Ge the set of all 
g E G such that d{g) = r{g) = e. Clearly, Gg is a group called the isotropy 
(or principal) group associated to e. 

A partial action a of a groupoid G on a ring i? is a pair 

« = iWg}geG, {"slgec), 
where for each g E G, Dj.{g) is an ideal of R, Dg is an ideal of -Dr(3) and 
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ag : Dg-i — > Dg is an isomorphism of rings, and the following conditions 
hold: 

(i) Oe is the identity map Id^ of D^, 

(ii) a^^Dg-iDDh) C /^(gh)-!, 

(iii) ag{ah{x)) = agh{x), for every x G aJ^^i^Dg-i n Df,), 
for all e G Go and (^f, h) G G^. 

The domain (resp., range) of the composition a^a/i is, by definition, the 
largest domain (resp., range) where it makes sense, that is, the domain of 
agtth is given by dom{agah) = a^^{Dg-i HDh) and its range by ran{agah) = 
agiDg-iDDh). 

Note that, by the conditions (ii) and (iii), the map Ogh is an extension 
of the composition agOh- We say that a is global if a^a^ = Ogh for all 
ig,h)eG\ 

Lemma 1.1 Let a = {{Dg}g^Gy {Q^glggc) be a partial action of a groupoid 
G on a ring R. Then, the following statements hold: 

(i) a is global if only if Dg = D^^g) for all g E G. 

(ii) a^^ = ag~i, for all g E G. 

(iii) ag{Dg-i n Dh) =Dgn Dgh, for all {g, h) G G^. 

Proof. Suppose that a is a global action. So, ag{Dg-i nDh) = lan^agah) = 
Ta.n{agh) = Dgh, for all {g, h) G G^. In particular, Dg = Dj.[g), for all g E G. 
Conversely, assume that Dg = D.r[g) for all g E G. Then, 

dom(aga,,) = aJ^^Dg-i n Dh) = aj;\Dd(g) n Dr{h)) 

= a^\Dr(h)) = al^{Dh) = Dh-i 

= Dd{h) = Dd{gh) = D^gh)-i 

= dom{agh). 

for all {g, h) G G^. Consequently, agUh = agh- 

The assertion (ii) is an immediate consequence from the definition of a 
partial action. The last statement has a proof similar to that of [H Corollary 
2.2 (ii)]. □ 

Remark 1.2 It is immediate to see from the above that the pair a(e) = 
({-^fflssGe, {o^slgeGe) is a partial action (in the sense of [12]) of the group Ge 
on the ring Dg, for every e G Gq. 
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Example 1.3 We can obtain examples of partial action of a groupoid by 
restriction of a global action, in a standard way. Indeed, consider a global 
action j3 = {{Eg}g^G, {(3g}geG) of a groupoid G on a ring T and for each 
e E Go let De be an ideal of Eg (for instance, if / is any ideal of T it suffices 
to take De = I n Eg). Then, Dg = Dr(g) fl f3g{Dd(g)) is an ideal of -Dr(g) 
and Og = Pgln ^1 is an isomorphism of rings, for all g E G. Now, take 
R = rieGGo each e G Go, let : De R denote the map given 

by ie{,x) = {xi)i(zGo, with Xe = x and a;; = for all / 7^ e. Setting Lg = ir(g)\Dg, 
Dg = ig{Dg) and a'g = igOigi~\ : -D^-i — > -D^, it is immediate to verify that 
a' = {{D'g}g^G, {(^'g}g€G) is a partial action of G on R. If, in particular, 
each De, e G Go, is of the type De = I H Ee for some ideal I of T, then 
a = {{Dg}g^G, {ctgjgec) is also a partial action of G on J (see [3 Example 
2.6(2)]). We shall say that a' (resp., a) is a restriction of (3 to R (resp., /). 

Now, take (in the above example) the ideal Eg = '^j,(^h)=r{g) /5/i(-Dc/(/i)) 
of Eg and set f3g = f3g\-^ for each g E G. Let T = HeeGo ''^ • 

Ee T he the map defined similarly as above, for every e G Gq. Setting, 
Eg = Lr(g){Eg) and (3g = t'r{g)(3gt'^^g-^ '■ -E^-i — Eg, one can easily see that 
R ^T, D'g C E'g and = {{E'gjg^c, {Pg}geG) is also a global action of G 
on T, whose restriction to R also coincides with a'. We will see, in the next 
section, that any partial action a = {{Dg}g^G, {o^glgec) of a groupoid G on a 
ring R can be obtained in this way "up to some equivalence" , provided that 
Dg is a unital ring for all g E G. 

2. Globalization 

A global action f3 = {{Eg}g^G, {f^g}geG) of a groupoid G on a ring T is 
called a globalization of a partial action a = {{Dg}g(zG, {a^jgec) of G on a 
ring R if, for each e G Go, there is a monomorphism of rings (fe'-De^ Ee 
such that the following properties are satisfied: 

(i) ipe{De) is an ideal of Ee, 

(ii) ^r{g){Dg) = ipr(g){Dr(g)) Cl l3g{ipd(g){Dd(^g))) , 

(in) (3g o ipd{g){a) = ipr[g) o ag{a), for all a E Dg-i, 

(iv) Eg = Y.r{h)=r{g) (^h{^d{h)iDd(h)))- 

We say that /3 is unique up to equivalence if for any global action /?' = 
(^{Eg}g^G, {/^glgec) of G on a ring T', which also is a globalization of a. 
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there exists, for each e G Gq, an isomorphism of rings ijje '■ E'^ ^ such 
that 13 g o '0d(s)(a) = V'rfe) ° /3'g{a), for all a e 

Theorem 2.1 Let a — {{Dg}g^G: {<^g}gGG) be a partial action of a groupoid 

G on a ring R and suppose that is a unital ring for eaeh e E Go- Then, a 
admits a globalization (5 if and only if each ideal Dg, g E G, is a unital ring. 
Furthermore, if (5 exists then it is unique up to equivalence. 

Proof. If /3 = {{Eg}g^G, {/^glgec) is a globalization for a and (fe'-De^ 
Ee, e G Go, are the corresponding ring monomorphisms, then ipr{g){Dg) = 
ipr(g){Dr(g)) n /3g{ipd(g){Dd(g))) Is clcarly a unital ring so Dg also is, for every 
geG. 

Conversely, assume that each Dg, g E G, is a. unital ring with identity Ig. 

Thus, Ig is a central idempotent of R and Dg = Dr{g)lg = Rig- 
Let 5" = 3^{G, R) be the ring of all maps from G into R and, for each 
g e G, put Xg = {h e G : r{h) = r{g)} and Eg = {f e 3^ \ f{h) = 
0, for ell h ^ Xg}. Clearly, Eg is an ideal of 3^ and Eg — Ej.(^gy Prom now on 
and according to the notational convenience, we will also denote the value 
f{h) eRhy f\h, for all / G F and heG. 

For geG and / e Eg-i let /3g : Eg-i Eg be the map given by 



Notice that if /i G Xg then r{h) = r{g) = d{g~^) which implies that the 
product g~^h exists and r{g^^h) = r{g~^). Thus, f3g is well defined. Clearly, 
Pg is a ring homomorphism. Furthermore, for g & G, f & Eg-i and h G Xg-i 
we have 



Similarly, f3g o f3g-i{f)\h — f{h), for all f & Eg and h G Xg. Thus, /3g is a 
ring isomorphism. 

Note that = If,, for all e E Go and Pgh{f)\i = f{{h-^g'^)l) = 
f{h-\g-H)) - PgoM)\u for all / G F,-i, I G Xg and {g,h) G G\ 
Hence, ^ — ({FgjggG, {/Sglgec) is a global action of G on J. 

Now, for each e G Go, define : -De — >■ E^ given by 



f{g-'h), ifheXg 
0, otherwise 



Pg-^oPg{f)\H 



W)\gH = f{g-\gh)) 

f{d{g)h) = f{r{h)h) = f{h). 
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for all a & Df, and /i G G. It follows directly from the definition that (fe{0')\e = 
a. Thus, (fe is a monomorphism of rings, for all e G Go- 
Let Eg be the subring of Fg generated by [Jr(h)=r{g) l^hi^d{h)iDd(h))), for 
all g e G. Notice that (fd{g){Dd{g)) ^ Ed{g). Let T = HeGGo -^^ 
each e G Go, let Le : Ee T he the injective map given by Le{x) = (x/)/gGo; 
with Xe = X and = for all / 7^ e. For convenience of notation we will 
identify E^ with Le{Ee) and yjg with o as well as we will denote also 
by the same Pg, the ring isomorphism given by the composition map Lr(g) o 
/3g\E^.i o i^d{g) froi^ '^d{g){Eg-i) = Eg-1 outo Eg = Lr(g){Eg). By constructlon, 
j3 = {{Eg}g^G, {(^g}g<^G) is a global action of G on T. Our goal is to show 
that /3 is a globalization of a. We start by checking the property (iii) of the 
definition of a globalization, namely: 

(3g o ^d{g)ia) = ipr(g) o ^^(a), for all a G Dg-i. 

Consider g E G, a E Dg-i and h G G. There are two possibilities to con- 
sider. In the first, r{h) = r{g). In this case, (^r(g)(«g(«))|/i = 
and /3g{ipd(g)ia))\h = ipd{g)ia)\g-ih = a/j-ig(alg-ife). However, by [3 Corollary 
2.2], ah-ig{alg-ih) G ah~ig{Dg-i (1 Dg-ih) C -D/i-i and = 
Since al^-i/ilg-i G -Dg-i H Dg-i^, it follows that 

= a/i-i(,(alg-i/,)a;/i-ig(lg-ilg-i/j) = ah-ig{alg-ihlg-i) 
= ah-i{ag{alg-ihlg-i)) = ah-i{ag{alg~i)ag{lg-ilg-ih)) 
= = Vr(g){ag{a'))\h- 

In the second, r{h) 7^ In this case, we have ipr{g){cigicL))\h = = 

/3g{vdig){a))\h. 

The next step is to show that 

Vr{g)iDg) = (pr(g)iDr(g)) D (5 g{^ d{g){D d{g))) ■ 

Given g e G and c G v?r(g)(-Dr(g)) n /3g{ipd(g)iDd(g))), there exist a G 
and 6 G L'd(g) such that c = ipr{g){a) = Pgi'Pd{g){b)). Then, a = 

alr(g) = ar(g)-i{alr(g)) = iPr{g){a)\r(g) = f3g{Vd{g){b))\r{g) = ipd(g){b)\g-ir(g) = 

Vd(g){b)\g-i = ag{blg-i) G Dg aud so c = '^r(g){a) e '^r(g){Dg)- Con- 
versely, if c G ipr(g){Dg) then c = y9^(g)(a), for some a G -Dg. Taking 

b = ag-i{a) G Dg-i we have /3g(v?d(g)(6)) =^ (pr(g){ag{b)) = iPrig){a)- So, 
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To conclude that /3 is a globalization of a, it remains to prove that (/9e(-De) 
is an ideal of for all e G Gq. To see this it is enough to check that 
Lpe{b)fihi^pd{h){a)) and [5h{'^d(h){,a))'^e{p) are elements ofv9e(^e), for all /i G Xg, 
<2 G -Dd(/i) and 6 G D^. Given / G G, we have again two possibilities to 
consider. In the first, r{l) = r{h) = e. Since ah{alh-i)h G Dg, we obtain 

l3h{^d{h){o))^e{h)\i = {^pd(h)ia)\h-ii)i'feib)\i) = ai-ihialh-ii)ai-i{bli) 
= ai-i{ah{alh-^)bli) = ipe{ah{alh-i)b)\i. 

In the second, r{l) ^ r{h) = e and so 

(3h{'^d(h){a))'^e{b)\i = = ipe{ahialh-i)b)\i. 

Hence, /3h{fdih){a))Ve{b) = (^e(Qi/i(al/i-i)fe) G (Pe{De)- Similarly we also have 

iPe{b)f3h{(pd{h){a)) e (fe{De). 

To end the proof it is required to show the uniqueness (up to equivalence) 
of the globalization (3 of a. Notice that Eg = Y.r{h)=r{g) l^h{^d{h){Dd(h))), for 
every g & G. This is an immediate consequence from the fact that each 
(Pd{h){Dd{h)) is an ideal of E^i^h), ^ proved above. 

Now, suppose that /3' = {{Eg}g^G, {P'g}eG) is a global action of G on a 
ring T' and also a globalization of a. Then, for each e G Gq, there exists a 
rind monomorphism ip'^ : ^ E'^ satisfying the conditions (i)-(iv) of the 
definition of a globalization. 

For each e G Go, consider the map rje : E'^^ E^ given by 

Phii'P'd{hi)iai)) ^ J2 M^d{hi){ai)), 

\<i<n l<i<n 

with hi G and G Dd(hi), for all 1 < i < n. First of all, we need to check 
that rje is well defined. 

Suppose that Z)i<i<n/^L('^rf(/i,)'^"*)) ^ "^^^ ^ ^ ^^^^ ^^^^ ^ ^' 
and r G Drf(z), we have Ei<i<„ /3fc,(^d(/,,)(ai))/3Kv'd(o(^)) = 0' ^^ich im- 
plies that El<^<n^^'l-^hS^d{^H)^(^^Wdil)ir) = 0. Since ^'^^^_,i^^^{Daii-ih,)) = 
'P'dihi)iDd{hi)) is an ideal of it follows that f^l-ihS'P'd(i-^hi)iDd{hi))) is 

an ideal of E'^^^.^y Note that is contained in the 

following ideal 

/3l-^hS'^'d{l-'h.)^Dd{hi)))r^v'a(^l)iDd(l)) = 

Pl-^hiiv'dil-^hi){Ddil-ih,))) ^V'r(l-ih,)iDr(l-ihi)) = 

v'r{i-^hi){Di-^hi) = ^'d{i){Dd{i)h-^K) = ^'d{i){Dd{i)Wd{i){h-^K) 
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whose identity element is Therefore, 

= (^'i-^h, i^'d{hoi(^iWdii) ((^i-'hA^h^HWdii) (r) 

A'-ih,(<^d{/,,)(ai))/3;-i/,,(<^d(/,,)(lh-i/))<^d(o('") 
= (^'i-^h,°V>'d{h,)i(^dh-H)v>'d(i)ir) 

In a similar way we also get 

Pl-^hA^d{h,){a^))(pd{l){r) = ^d(i){ai-ihA(^ilh-ii)r). 

Thus, 

0= (^^-^hSv'dih,)i(^^Wdil){r) = ^m^^^i-'f^^^^i'^h-Hy)- 

l<i<n l<i<n 

Since y^^^.^^ is a monomorphism, it follows that J2i<i<n^i~^hi{o,dh-^i)^ ~ ^■ 
Hence, 

0=5^ <^d{i){(yi-ihXadh-Hy) = Yl l^i-'hAVdih,){ai))^d{i){r) 

l<i<n l<i<n 

and applying (3i we obtain 

Yj (^hAVd{h,){ai))(3i{Vdii){r)) = 0, for all r e Dd{i). 

l<i<n 

Hence, the element a = Y.i<i<nl^hX'^d{h,){ai)) annihilates /3i{ipd(i){Dd(i))), for 
all Z G G with r{l) = e. In particular, a annihilates the ideal L of Eg given by 
Y.i<i<n(^hX^d{h,){Dd{h,))), which is unital by [I^, Lemma 4.4]. Since a G L, 
it follows that a = and so 7]^. is a well defined homomorphism of rings. Actu- 
ally, T]e is an isomorphism, whose inverse is given by Xli<i<n (^hXfdih,){ai)) 
J2i<i<nf^hSy^'d{h,)i(^i))' with r{h,) = e and a, G Dd(h,), for all 1 < i < n. 

Finally, for each u = (3'i^{Lp'^^f^^{a)) , with r{h) = r{d{g)) = d{g), and 
a G Dd(h) we have r/^(g) o = r/r(g)(/3g/,(<^rf(/,)(a))) = f3gh{Vdih)){a) = 

/3g{/3hiVdih){a))) = 1^9° Vdig){u), which completes the proof. □ 

Example 2.2 Let G = {d{g),r{g), g, g^^} be a groupoid and R = Kei © 
Ke2 © -ft'cs, where K is a unital ring and 61,62,63 are pairwise orthogonal 
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central idempotents with sum l^. Take D^^g) = Kei © Ke2, D^^g) = Dg = 
Kes, Dg-i = Kei, ad(g) = loa^^^, Oir{g) = -^d^j^j, ag(aei) = ae^, ag-iiae^) = 
aei and note that a = {{Dg}g^G, {<^g}geG) is a partial action of G on R. 

Observe that Xg-i = {d{g)^g~^}, Xg = {r{g)^g}, Fg-i ^ i? x i? via / 
if id{g)) J (g-^)) and Fg Rx R via f ^ {f{r{g))J{g)). Assuming the nat- 
ural identifications as in the proof of Theorem 2.1, we have that Pg : Fg-i — >■ 
Fg, (r, s) f-^ (s,r),forall (r, s) G RxR. Also, Lpd{g){Dd(g)) ~ {{a,ag{alg-i)) : 
a e Dd(g)} and (fr{g){Dr{g)) ^ {{b,ag-i{blg)) : b E /^r{g)}- Since big = b, for 
all b G -DrCg), it follows that f3g-i{(fr{g){F>r{g))) C (fd{g){F>d{g))- Consequently, 

Ed{g) = Eg-1 = ^d{g){Dd{g)) ^ Dd{g). 

On the other hand, we have that /3g(v9d(g)(-Dd(3)))(e3, ei) C Lpr{g){Dr{g))- 
Then, 

^r(g) = Eg 

= ipr{g){Dr{g)) © /3g(v2<i{g) (lij - 63, l/j - Ci) 

= Dr(g)®K 

Hence, the globalization of a is the action (3 = {{Eg}g^G, {f^g}g&G) of G on 
T = R Q) Ke^ = Kei © Ke2 © -ft'es © Ke^, where ei, 62, 63, 64 are pairwise 
orthogonal central idempotents with sum 1^, f3d(g) = ^Ea^gy Pr{g) = ^E^^^g^ 
(3g{aei + 662) = 063 + be4 and f3g-i{ae3 + be^) = aei + be2, for all a,b E K. 

Remark 2.3 Let a = {{Dg}g^G, {c^glgec) be a partial action of a groupoid 
G on a ring R having a globalization (3 = {{Eg}gi=G, {f^g}g€G)- Simplifying 
notation, assume that De C Eg, for all e G Go- Note that the group Ge 
acts globally on Eg = '^r{h)=e (^h{Dd{h)), and it is clear that the action of 
Ge on the subalgebra ^/jgg^ f^hiDe) of E^ is a globalization (in the sense of 
[12]) of the partial action a(e) of Ge on De- In particular. Theorem 2.1 is a 
generalization of fr2\ Theorem 4.5]. 

3. Morita Equivalence 

Let a = {{Dg}g^G, {c^glgGc) be a partial action of a groupoid G on a ring 
R and assume that each Dg is unital. Let (3 = {{Eg}g^G, {f^g}geG) be a global 
action of G on a ring T and a globalization of a. Simplifying notation, we 
will assume that De Ee, for all e G Gq. 

In this section we will see, under suitable conditions, that the partial 
skew groupoid ring R-k^ G and the skew groupoid ring T -kp G are Morita 
equivalent. 
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We start recalling that a Morita context is a six-tuple {R, R', M, M', r, r') 
where R and R' are unital rings, M is an {R, i?')-bimodule, M' is an {R', R)- 
bimodule and r : M M' — )■ R and r' : M' ®_r M ^ R' are bimodule maps 
satisfying the following conditions: 

(i) t{x ® a;')y = xt'{x' ® y), for all x,y & M and x' G M', 

(ii) t'{x' ® x)?/' = x't{x ® y'), for all x', y' G M' and x G M. 

Following [201 Theorems 4.1.4 and 4.1.17], if r and r' are surjective then the 
categories of left i?-modules and left i?'-modules are equivalent and the rings 
R and R' are called Morita equivalent. One also says, in this case, that the 
corresponding Morita context is strict. 

Following [71 Section 3], the partial skew groupoid ring R-k^G correspond- 
ing to a is defined as the direct sum 



in which the 5g's are symbols, with the usual addition, and multiplication 
determined by the rule 



for all g,h ^ G, X G Dg and y G Dh. 

Let A (resp. B) denote the partial skew groupoid ring (resp., the skew 
groupoid ring ) R -k^ G (resp., T -kp G). Let also Ig denote the identity 
element of Dg, for all g & G. As already observed in the former section, Ig is 
a central idempotent of R and it is immediate to check that it also is a central 
idempotent of T. So, we also have Dg = Dr(g)lg = Er(g)lg = Rig = Tig, 
for all g E G. Furthermore, it follows from Dg = Dr(g) fl (3g{Dd{g)) that 
Ig = lr{g)f3g{ld{g))- We will also assume that Go is finite, which is equivalent 
to say that A is unital with 1a = XleeGo ^^^^^ P^' Proposition 3.3]. 

Proposition 3.1 Let R, T, G, a, /3, A and B he as above. Then: 



R^C.G=^Dg5g 



geG 
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(iv) BIaB = B. 

Proof, (i) For every g E G and s E Eg we have s — /3g{t), for some 
t e Eg-i = Ed{g), and 

{s5g)lA = {S6g){ld(g)6d(g)) = S(^g{ld(g))6g = (3 g{tl d(g)) 6 g 

with f3g{tld{g)) e /3g{Dd(g)), since Dd(g) is an ideal of Ed(g). 

For the reverse inclusion, take a e and Cg = (3g{a). Then, 

c/g = p9{a)Sg = ^g(ald(g))5g = {Cg^g){U{g)Sd{g)) = (Cp5g)lA- 

(ii) For s & Eg we have 

= (lr(g)5r(9))(s5g) = lr(g)l3r(g){s)5g = lrig)S6g 

with lr{g)S G -Dr(g)5 because -Dr(g) is an ideal of Eg. 
Conversely, if Cg e Dr(g) then 

CgSg = (l^(g)(5^(g))(Cg5g) = 1 A ( ) ■ 

(iii) Consider a e Eg. Then, alg e and 

lA{a6g)lA = (l^(g)a5g)(ld(g)5d(g)) 

= lr{g)a.(3g{ld(g))Sg 

The converse is immediate. 

(iv) It is enough to show that B C BIaB. Since, for each h e G, 
Eh = Ylr{g)=r{h) Pgi^dig)), the result follows from (i) and (ii) because 

/3g{a)5h = {(3g{a)5g){lr^g-^h)Sg-ih) e {B1a){IaB) = BIaB, 

for all a e -Dd(g)- Q 

Theorem 3.2 Let i?, T, G, a, /3, A and B be as above and suppose that B 
is unital. Then A — R-kaG and B — T -kp G are Morita equivalent. 

Proof. Clearly, M = IaB is a (A, S)-bimodule and = BIa is a (B, A)- 
bimodule. By Proposition 3.1, we have that t : M N ^ A, m® n ^ 
mn and r' : N ®a M ^ B, n ® m ^ nm are surjective bimodule maps 
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and one can easily see by a straightforward calculation that the six-tuple 
{A, B, M, N, r, r') is a Morita context. □ 



4. The subring of invariants and the trace map 

Throughout the rest of this paper a = {{Dg}g^G, {c^glgec) will denote a 
partial action of a finite groupoid G on a ring R such that each Dg is unital 
with identity element Ig. Recall that, in this case, Ig is a central idempotent 
of R and Dg = Dr(g)lg = Rig, for all g & G. 

We assume that (3 = {{Eg}g(zG, {/^glgec) is a globalization of a, acting 
on a ring T. Recalling the construction of a globalization given in section 
2, and in order to simplify notation, we also assume that T = ©eeGo -^^j 
R = 0egGo -^e -^e is an ideal of Eg, for all e E Gq. Clearly, i? is a 
unital ring with identity element given by 1r = XleeGo ^^^^^ ^^e 

assumptions considered, R = TIr. 

Two relevant concepts which appear in Galois theory are the notions of 
subring of invariants and trace map. The subring of invariants of R under a 
is defined similarly as in [13] by 

R"" = {x e R : ag{xlg-i) = xlg, for all g G G}. 

Remark 4.1 Notice that C ^^^^^De^'\ Indeed, any x G -R is of the 
form X = XleGGo with Xe G D^, and x G -R° if and only if ag{xd{g)lg-'i^) = 
Xr{g)lg, for every g E G. Similarly, we have that a = ^eeCo '^e £ T'^ if only if 
Pg{(^d{g)) = o.r{g), for all g & G. In general, the inclusion i?" C ^^^q^^ Z}"'"' is 
strict as it is well shown in the following example: G = {d{g),r{g), g, g~^}, 
R = Kei®Ke2®Ke2,®Keii®Ke^, where is a unital ring and ei, 62, 63, 64, 65 
are pairwise orthogonal central idempotents with sum -Dd(g) = Dg-i = 
Kei ® Ke2, Dr(g) = Kes ® Ke^ ® Ke^, Dg = Ke^ ® Ke^, ad(g) = loa^g^, 
ar(g) = lor^g)) Oig{aei + 662) = ae^ + 664 and ag^i{ce^ + ^64) = cei + de2, for 
all a, b,c,d E K. It is immediate to check that a = {{Dg}g(zG, {agj^gc) is a 
partial (not global) action of G on i?, i?" = K{ei + 63) © K{e2 + 64) © ^^65, 
D^g'f' = Ke, © 7^62 and D^^^'" = © Ke^ © if 65. 

The trace map is defined as the map ta '■ R ^ R given by 

taix) = ^ag{xlg-l), 

9&G 

for all X G -R. 
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Lemma 4.2 The map is a homomorphism of (i?", R°')-biniodules and 

(i) UR) C 

(ii) ta{ag{x)) = ta{x), for all x E Dg-i and g E G. 

Proof. The first assertion is obvious. 

(i) Consider x E R and h E G and observe that ag{xlg-i)lh-i E Dg n 
Dh-i. Then, 

= T.r{a)=d{h)<^hgixl(hg)-^)^h 
= ta{x)lh. 

(ii) Recall from [T, Corollary 2.2] that, for all g,h E G such that d{g) = 
r{h), we have ag{Dg-inDh) = DgHDgh and consequently ag{lg-ilh) = Iglgh- 
Thus, 

ta{ag{x)) = T.heG(^h{ag{x)lh~i) 

= Y.d{h)=r{g)'^hgixl(^h9)-i)'i-h 
= T.dil)=d{g)(^li^h-')hg-^ 

= Ed(/)=d{3) ai{xli-i)ai{li-ilg-i) 

= T.dil)=d{g)Mxh'^) =ta{x) 

for all X E Dg~i and g E G. □ 

Remark 4.3 The statement (i) in Lemma 4.2 is of fundamental importance 
to introduce a notion of a Galois extension for partial groupoid actions, which 
generalizes that defined for partial group actions in [13]. And this statement 
holds because the assumptions assumed on the ring R in the beginning of 
this section. In general. Lemma 4.2(i)-(ii) is not true, as we show in the 
following example. 

Consider the groupoid G = {fi-i, 5-2, fi-s} with Gq = {fl'i,fi'2}, gs^ = gs and 
gsgs = g2, and take R = Kei®Ke2®Kez®Kei, where is a unital ring and 
61,62,63,64 are pairwise orthogonal central idempotents with sum 1r. Put 
Dg^ = R, Dg^ = Ke2 © Kes © 7^:64, Dg^ = Ke2 © Ke^, ag^ = Id,^ , ag^ = Id,^ 
and ag^{ae2 + be^) = 662 + 063, for all a,b E K. By a simple calculation, 
we have that a = {{Dg}gizG, {ag}g^G) is a partial (not global) action of G 
on R and it is immediate to check that = Kei © -^'(62 + 63) © Ke^, 
taies) = 62 + 263 ^ R" and t„(6i) = d 7^ = ^^(033(61! -1)). 
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Now we observe that by a straightforward and routine calculation it fol- 
lows that _R is a (i?", R-ka G)-bimodule (resp., (-R^a G, -R")-bimodule), with 
the right (resp., left) action of R-ka G on R given by x ■ a6g = a^-i (xa) (resp., 
aSg ■ X = aag{xlg-i)), for a\\ g E G, a E Dg and x E R. 

Furthermore, the map R x R i?", {x,y) (-)■ ta{xy) (resp., Rx R ^ 
R-kaG, {x,y) (-7- J2geG^^9(y^9~^)^9) -R*o G-balauced (resp., i?"-balanced) 
by Lemma 4.2. So we can consider the maps 

r : R ®fe,G R R", r{x 0y) = t^ixy) 

and 

t' : R ^jic R R-kaG, t'{x ® y) = ^ xag{ylg-i)5g. 

Proposition 4.4 {R-ka G, i?", R, R, r, r') is a Morita context. The map t is 
surjective if and only if there exists x E R such that ta{x) = 1r. 

Proof. The first assertion follows by a straightforward and routine calcula- 
tion and the second is obvious. □ 

Our goal in the rest of this section is to prove that i?" ~ T'^. It is clear 
that T^Ir C -R". In fact, for a = ^eeCo ^ '^^ g E G, we have 

OigiialRjlg-l) = ag{ad(g)ld{g)lg--^) = /3g(ad(g)lg-l) 

= f^9{adig))f3g{lg-l) = ar(g)lg = (oIr)!,,. 

For each g E G, we recall that Xg = {h E G : r{h) = r{g)} (see section 
2). Now, assume that Xg = {gi^e = e, g2,e, ■ ■ ■ , gn^,e}, for every e E Gq. Then, 
-^e = ^i<j<ne f^djA^dig,^,)) IS a uultal ring O Lemma 4.4] and its identity 
element Ig is given by the following boolean sum 

l<i<ne ii<...<ii 

of the central idempotents f^^g^ S^d{gj e)) of E^, 1 < j < ^g. We can also write 
Ig as the orthogonal sum Ig = Vi^e © V2,e © • • • © Vn^^e, where Vi^e = le and 

= - le)(le ^ /^92.e ( ld(g2,e) ) ) • • • (^e " /^Sj-l.e (Irffe-l.e) ) )/5<;„e ( ) ? 

for all 2 < j < rig. It also follows from the above that T is a unital ring, with 
identity element It = XlegGo ''■e' Moreover, the map ipe '■ T — > defined 
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by 

l<l<ne ii<...<ii 

for all e G Go and a = YleeGo ^ clearly a homomorphism of 

rings. It is immediate that ipei^B.) = I'e and we can also write ipeio,) = 

Lemma 4.5 If x G -R" tiieii /3g{ipd{g){x)) = ipr{g){x), for all g E G. 
Proof. Take g,l,h ^ G with r(Z) = r{h) and x G i?". Then, 

= A(a;lr(«-ih)A-i/i(ld(/-i/i))) 
= = (3i{ai-ih{xlh-H)) 

= /3l{/3l-ih{xlr{h--^l)/3h-^l{ld{h-il)))) 

= (3h{xld(h)f3h-n{Mi))) 

Since gXd{g) = Xr{g), it follows from the equahty above that f3g(y) = 
W, where V (resp., W) denote the set of all summands of ipd(g){x) (resp., 
^r(g){x))- Consequently, (3g{tpd{g){x)) = Aig){x)- □ 

The next result is an extension of |13_, Proposition 2.3] to the context of 
partial groupoid actions. 

Theorem 4.6 Tie subhngs of invariants i?" and are isomorphic. 

Proof. Consider the map ip : T — )■ T defined by ip{a) = X^egGq "^6(0.), 
for any a E T. Note that, by Lemma 4.5, (3g{ip{x)d{g)) = (3g{4'd{g){x)) = 
■ipr(g){x) = ip{x)r{g), for all X E R" and g E G. Thus, ipi^R") C T^. Since 

'll'e{x)le = XeXe it folloWS that 1p{.^)^R = ^^T all X = J^eeGo^^ ^ 

Furthermore, for a = XleeGo (^e ^ T^, we have 
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= E /5gi,e(«rf(gi,e))/5gi,e(ldfe,e))^j,e 

J = l 

i=i i=i 

= Oe ^E ^j,e^ = «ele = Oe- 

So, V'Ir" • -R" — ^ is a ring isomorphism whose inverse is the map given 
by the multiphcation by 1r. □ 



5. Galois theory 

The notion of a partial Galois extension for partial group actions given in 
[13] is a generalization of the classical notion of Galois extension presented 
in [To]. In the sequel, we introduce this notion for partial groupoid actions. 
Recall that i?, T, G, a and /3 are assumed here just like as in the former 
section. So all the notations introduced there will be also freely used in this 
section. 

We will say that R is an a-partial Galois extension of the subring of 
invariants i?" if there exist elements Xi,yi & R, 1 < i < m, such that 
J2i<i<m^i^g(yi^9~^) ~ ^e,g^e, for all 6 E Gq and g E G. In particular, in 
this case, De is an a(e)-partial Galois extension of De'^"^ in the sense of [13] . 
for every e G Go- The set {xj, ?/j}i<j<„ is called a partial Galois coordinate 
system of R over When a is global, we say simply that R is an a-Galois 
extension of R"' and that {xj, ?/j}i<j<„ is a Galois coordinate system. 

Theorem 5.1 The following statements hold: 

(i) IfT is a f3-Galois extension ofT^ then R is an a-partial Galois exten- 
sion of -R" . 

(ii) Suppose that G satisfies the condition: gJr{i)^9j4W ^ implies that 
I E Gq, for all 1 < j < nct(i) = Ur^i). Then the converse of (i) also holds. 

Proof, (i) Let {oj, &j}i<i<„ be a Galois coordinate system of T over and 
suppose that = EegGq ^« = EeeGo he, ^oi all 1 < i < n. Taking 
= EeGGo ^h^le = a^R and yi = EeeGo he'^e = h^R, One can easily check 
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that {xi,yi}i<i<n is a partial Galois coordinate system of R over i?". 

(ii) Let {xi,yi}i<i<n be a partial Galois coordinate system of R over i?" 
and assume that Xj = J2eeGo ^^-^ and ?/j = J2eeGo ^^-e, for all 1 < i < n. 
Consider the elements aij = J^eeGo and = J2e&Go ^^J'^, where Qij^e = 
(^gj,ei^iA9j,e))^j,e and bij^^ = /3gj_,{yi,d(g^^,))vj^e, for all e G Gq, 1 < ^ < and 

1 < j < "-e- 

Notice that 

j j 

= K, 

for all e G Go- 

Consider uj^e = - le) • • • (I'e - and gji = gj^^^^i^lgj 4(1)1 

for all e G Go and I ^ Gq. Thus, gji ^ Gq and consequently 



= T.Pgj,r(i)iT.^^Hgji)l^9,iiyiA9ji))Mgj,r(i)))'^jAi)(^ii^j 

j i 

= E Pg,,rii)iYl ^i,r{g,i)(^g,iiyiAg,i)^g-^))^j,rii)l^ii^jAi)) 
j 

= 0. 



3 * 



Hence, the set {ctij, as above constructed, is a Galois system for T over 
T''. ' ' □ 

Remark 5.2 When G is a group, the hypothesis (ii) of Theorem 5.1 is 
trivially satisfied and we recover [T3| Theorem 3.3]. Certainly, there are 
groupoids, others than groups, which also satisfy the condition stated in 
Theorem 5.1(ii). Take, for instance, the groupoid G = {(?!, (72, fi's}, with 
Co = {91,92}, 9z^ = gs and 5(35(3 = 52- 

From now on, we will denote hj j : R -k^ G ^ End(i?)i?a the nat- 
ural map given by i(EggG = E^gg ^"^(^Is-O) for all x e R. 
Clearly, j is a well defined homomorphism of left -R-modules. Moreover, 
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j is also a ring homomorphism. Indeed, by a straightforward calculation 
one easily gets jiln^^c) = Ir and j{{ag5g){hh5h)) = JiagSg) o j{bhSh) for 
every g,h E G such that d{g) = r{h). If otherwise d{g) ^ r{h) then 
{.'^g^g)iph5h) = and also Dh H Dg-i = which implies that {j{agSg) o 
j{hSh)){x) = agag{bhah{xlh-i)lg-i) = 0, for every x e R. 
For any left R -ka G- module M, we put 

= {me M \ {lg5g)m = l^m, for all g e G} 

the set of the invariants of M under G. Note that M is a left i?-module 
via the embedding x (-)■ = J2eeGo ^^e^e from R into R-k^G and, 

indeed, is a left i?"-submodule of M. In particular, since is a left 
R-ka G-module via j, we have that i?*^ coincides with the subring i?". 

The following theorem extends (and improves) pil| Theorem 3.1], 
Theorem 4.1] and [Sj Theorem 3.1] to the setting of partial groupoid actions. 

Theorem 5.3 The following statements are equivalent: 

(i) R is an a-partial Galois extension of R"'. 

(ii) R is a finitely generated projective right R'^-module and j is an iso- 
morphism of rings and left R-modules. 

(iii) For every left R G-module M the map n : R M*^ — )■ M, given 
by ^{x ®m)= xm, is an isomorphism of left R-modules. 

(iv) The map p : R R IlgGG-^fl' x (g) y {xag{ylg-i))g^G, is an 
isomorphism of left R-modules. 

(v) RtR = RkaG, where t = J2geG ^g^g- 

(vi) The map t' is surjective. 

(vii) R is a generator for the category of the left R -k^ G-modules. 

Moreover, under the assumption that at least one of the above statements 
holds, then the following additional statements also are equivalent: 

(viii) ta{R) = R". 

(ix) R is a generator for the category of the right R'^-modules. 

(x) The Morita context {R ka G, i?", R, R, r, r') is strict. 

Proof, (i)^(ii) Take Xi,yi e R, 1 < i < n, such that Z]i<j<n ^i'^sd/^^s-O = 
Se,gle, for all e G Go and g & G. A dual basis for i? as a projective right 
i?"-module is given by the set {xi, with fi = ta{yi-) E IIom/ja(i?, R°'). 
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For any / e End{R)R^, taking w = T>geGJ2i<i<n fi^i)^9iyi^9-')^9^ 
easy calculation gives j{w){x) = f{x), for every x & R. Finally, if v — 
SqgG such that j{v) = then 



Now, observing that g — e implies e — r(e) = r{g ^h) = r{g ^) = d{g), 
one has g — gd{g) — ge — g{g~^h) — {gg~^)h — r{g)h — r{h)h — h and so 



(ii) =^(iii) Let {xj, /j}i<i<; be a dual basis of i? as a right i?"-module, 
and Vi E R-ka G such that j{vi) = fi, for all 1 < i < /. It follows from the 
injectivity of j that Zli<i<m^»^» = ^R*uG as weU as {lgSg)vi = IgVi, for aU 
g E G. Thus, the map v : M ^ R®rc M'^ given by v{m) = Yl:i<i<i Xi®Vim 
is a well-defined homomorphism of left i?-modules and an easy computation 
shows that v is the inverse of /x. 

(iii) =»(iv) Set = {/ : G ^ R\f{g) e D„ for all g E G}. Clearly, ^ 
is an (i?, i?)-bimodule naturally isomorphic to YlgeG ^9 ^ C- 
module via the well-defined action given by 



for all g,h e G and f e d- 

Also, the map R — >■ 5"*^, r i-> /r, such that fr{h) — ah{rlh-i), /i e G, is a 
well-defined isomorphism of left i?"-modules. Indeed, such a map is clearly 
a homomorphism of left i?"-modules from R to ^. Given g,h E G and 



r e Rwe have {{lg6g)fr){h) = ag{fr{g ^h)lg^) = ag{ag-ih{rlh-ig)lg-'^) = 
ah{rlH-i)lg = fr{h)lg, if r{h) = r{g). If r{h) ^ r{g), then Dg n ^ 
and consequently fr{h)lg = = {{lg6g)fr){h). So, fr G 5"*^. If for some 
r E R and every h E G wc have = 0, then r = rl/j = X^eeGo ^-^e = 

EeeGo'^e(?^le) = EeeGo/'-(^) = 0" Finally given f E d'^ and taking 



= E/.eGEi<i<„j(^^)(2^i)a^(yiV0<^/i 

= EfteG Ei<i<n EgGG agag{xilg-i)ah{yilh-^)Sh 

= Er(5)=r(fe) «9«9(El<i<n^i«9-l/i(l/«l/i-l9)V0<^fe 

= EeeGo Er-(fl)=r(/i) asQ;fl((^e,g-i/.lels-i 



= EeeGo Er(ff)=r(/0"a"3('^e.fl-^'»lel5-i)5ft 
= EgGG«<?«3(l%)l9-0'^^9 
= J2g(,G(^9^9 = '^- 
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^ = EeGGo/(e) have fr{h) = T.e€Go^h{f{e)lh-^) = ahif{d{h))lh-i) = 
ah{f{h-'h)U-i) = {{lh6h)f){h) = lhf{h) = f{h), for every heG. 

Therefore, the map given by the composition R (8>ij« i? ~ i? ^'^ A 
5 — YlgeG ^9 claimed isomorphism p. 

(iv) ^(i) It follows immediately from the surjectivity of p. 

(i) <^=^(v) Notice that RtR is an ideal of R-ka G. This easily follows from 
the fact that 

{a5h)t = T.geGi(^^h){lgSg) = J2rig)=dih)(^(^hilglh-^)Shg 
= J2r{g)=d{h) a'^hlhgShg = Er(0=r(/i) ^'^l^l = 

and 

= tah-i{alh), 

for any h & G and a G Dh- So, RtR = i? G if and only if there exist 
elements Xi,yi & R, 1 < i < n, such that 

eGGo l<i<n g&G l<i<n 

if and only if {xi,yi}^^i is a partial Galois coordinate system of R over i?". 

(v) <(=^(vi) It is enough to observe that t'{R R) = RtR. 

(ii) <S=^(vii) Let {R")°p denote the opposite ring of i?". Now, observe that 
R has a natural left (i?°)°P-module structure via the right multiplication, 
which is compatible with its left R-k^ G- module structure defined via j, that 
is, i? is a {{R^yPjR-ka G)-bimodule. Furthermore, the map 6 : — 
Endfi-^^GiR) given by 6{r){x) = xr, for all r G {R°')°^ and x G i?, is a well 
defined homomorphism of rings having inverse given by / ^-> /(Ir), for all 
/ G Endij^^G(-R)- Finally, since End(i?)ijQ = Eiad(^Ra^op(R), the result follows 
by im Theorem 18.8]. 

(viii)-v^(ix) Assume that to,{R) = R". Thus, ta is a surjective right R^- 
linear map from R to R"" and consequently Rn^ is a generator. 

Conversely, the trace ideal %{R)rc := E/GHom(R _R'»);iQ /(-^) equals 
R°' by [2J4 Theorem 13.7]. Since j is an isomorphism by assumption, for every 
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/ G Hom(i?, C End(-R)/jQ there exists a unique v = Ylig^c^g^g ^ 

R-kaG such that j(t>) = /. Therefore, j{v){x) G -R°, for any x E R and 
consequently 

= <yh{agih-^)oih{<yg{xig-i)ih-^) 

= J2r{g)=dih) ah{aglh-i)ahg{xl^hg)~^)) 

= Er(g)=r(h) ah{ah-iglh-^)ag{xlg-i)) 

= j{^rig)=r(h) ah{ah-iglh-^)Sg){x) 

which imphes 

ag^hSg = ^ ah{ah-iglh-i)Sg, 

r{g)=r(h) r{g)=r{h) 

for any h E G. Then, aglh = ahidh-^g^h-^) for all g,h E G such that 
r{g) = r{h). In particular, for g = h we have = ag{ad{g)lg-i), for all 
g E G. Now, setting a/ = XleeGo '^e we have 

ta{afx) = EgeGEeeGo«9(«ea;Vi) 

~ J2g£G^9^9(x^9'^) 
= fix), 

for every x E R. Hence, i?" = ^Q(Z]/GHom(i?,ii-)flc '^Z-^) ^ '^"(-R) and the 
result follows. 

(viii)-v^(x) It follows from Proposition 4.4. □ 

Corollary 5.4 Suppose that at least one of the following assertions holds: 

(i) R is a commutative ring. 

(ii) tQ,(li?) is invertible in R. 

(iii) |Ge|le Is invertible in and taloe = -^-f e E Gq. 

Then R is an a-partial Galois extension of R°' if and only if the Morita 
context {R -k^ G, R"', R, R, r, r') is strict. 

Proof. It is enough to show that %{R)iia = R°'. 

(i) In this case the proof is the same as in [101 Lemma 1.6]. Indeed, as we 
saw above, if {xi,yi}^^i is a partial Galois coordinate system for R over i?". 
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then {xi,ta{yi-)}^^i is a dual basis for i? as a finitely generated projective 
i?°-module and so RZ{R)roc = R. Consequently, there exists c G %{R)jia 
such that 1r = ta(c) (see ^ Corollary 2.2.5] for instance) and the result 
follows. 

(ii) Put c = Then, ^^(lij) = ta(ta(lfl)c) = ta{lR)ta{c) and so 
ta{c) = Iji, which implies the required. 

(iii) It follows from Remark 1.2 and [SI Theorem 3.1 and Corollary 3.5] 
that there exists Ce G such that ta^^j(ce) = Ig, for every e G Go- Now, 
taking c = J2eeGo have 

taic) = ^ t„(Ce) = ^ ta(,)(Ce) = ^ Ig = li? 
eeGo eSGo eSGo 

and the required follows. □ 

Remark 5.5 The condition (iii) in Corollary 5.4 is trivially satisfied in the 
case that G is a group. The following example shows that it is also satisfied 
even when G is not a group. Take the groupoid G = {91,92,93} with Go = 
{91,92}, 93^ = 93 and 9393 = 92. Given R = Kei © Ke2 © Ke^ © ^^64 © Ke^, 
where i^' is a unital ring and 61,62,63,64,65 are pairwise orthogonal central 
idempotents with sum 1/?, put Dg^ = Kei © Ke2, Dg^ = Ke^ © Ke^^ © Ke^, 
Dg^ = Ke3 © ^^64, ctgi = log^, = log^ and 033(063 + 664) = 663 + 064, 
for all a,b ^ K. Note that a = {{Dg}g^G, {(^g}g&G) is a partial action (not 
global) of G on R, talos, = ^Q(j^) and t^lDg^ = ta^^^y 

6. A final remark 

In [9] Caenepeel and De Groot developed a Galois theory for weak Hopf 
algebra actions on algebras. In particular, they considered the situation 
where the weak Hopf algebra is a finite groupoid algebra (it is well known 
that any groupoid algebra is a weak Hopf algebra) and a notion of groupoid 
action was introduced. Actually, this previous notion and the our's one are 
equivalent, which was proved by D. Flores in her PhD thesis [16j. More 
specifically she proved the following theorem. 

Theorem 6.1 [16, Teorema 1.2.11] Let G be a Gnite groupoid, K a commu- 
tative ring and R a K-algebra. Then the following statements are equivalent: 

(i) There exists an action (3 = {{Eg}g^G, {/^glgeG) of G on R such that 
every Eg, e E Gq, is unital and R = 0eeGo ^<^- 
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(ii) R has an structure of KG-module algebra. 

Given the action /3 of G on i? and KG = ^^^^ Kug, the i^G-module 
algebra structure of R is given by the action Ug ■ r = I3g{rlg-i). Conversely, 
given an action ■ of KG on R, the corresponding action /3 of G on i? is 
the pair {{Eg]g<^G,{l^g]g&G), where Eg = Rig, Ig = Ug ■ 1r and f3g{rlg~i) = 
{ug ■ r)lg = Ug ■ T, for all r G -R and g E G. 

Finally, the assertion (iv) of Theorem 5.3 is just the definition of Galois 
extension for groupoid actions as considered in Pj. 
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